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Agile Missile Dynamics and Control
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The dynamics and technical challenges of controlling missiles capable of high-angle-of-attack � ight are dis-
cussed. The missile control effectors discussed include thrust vectoring, reaction jet thrusters, and aerodynamic
tail surfaces. A control power analysis is summarized that indicates the effectiveness of these control effectors over
the missile’s � ight envelope. The six-degree-of-freedom dynamics for high-angle-of-attackmissile � ight control are
presented. Autopilot design models and nonlinear simulation results demonstrating high-angle-of-attack� ight are
also presented.

Introduction

I N aircraft close-in-combat scenarios, a large off-boresight an-
gle targeting capability, or the ability to engage targets in the

rear hemisphere, is a signi� cant advantage.Superagility in missiles
refers to this capability. Following a successful missile launch and
separation, dynamic pressures are often too low for aerodynamic
controls to make a quick turn. When the propulsion system ignites,
vectoring the thrust (or using reaction jets) can provide this capabil-
ity, and as the velocity increases, the aerodynamic surfaces become
more effective. For the missile to possess superagility (high-angle-
of-attack capability) some form of alternate control is needed.

Figure 1 illustrates the maneuvering of an agile missile from
launch to endgame, indicating a high-angle-of-attack (AOA) ma-
neuvering capabilityprovidedby either thrust vector control (TVC)
or reaction control system (RCS) thrusters. Some of the technolog-
ical challenges for agile missile high-AOA � ight include asymmet-
ric vortex shedding, high-AOA stability variations, roll control, jet
interactioneffects, nonlinear blended autopilots,agile missile guid-
ance, and fast-response propulsive controls and their integration
with the main engine.

This paperdiscussesthese challengesand the dynamicsand � ight
control of agile missiles using alternate controls (TVC and/or RCS
thrusters). A detailed presentation of the nonlinear dynamics is
made. This derivation of the nonlinear equations and the resulting
linearizationto formautopilotdesignmodels are needed to illustrate
how the dynamics at high AOAs differ from conventionallow-AOA
dynamics.The autopilotdesignmodels,actuatorcharacteristics,and
sensor models are presented, along with the � ight control system
simulation results from a high-� delity nonlinear simulation.

Missile Dynamics
The body axis six-degree-of-freedom equations of motion1;2

(EOM) are used in the design of the � ight control system.Assuming
a rigid body, constant mass, and inertia, the standard six-degree-of-
freedom body EOM are written as

Pu D rv ¡ qw C X C G x C Tx

Pv D pw ¡ ru C Y C G y C Ty

Pw D qu ¡ pv C Z C G z C Tz

Pp D ¡L pq pq ¡ Lqr qr C L C LT

Pq D ¡Mpr pr ¡ Mr2 p2 .r 2 ¡ p2/ C M C MT

Pr D ¡N pq pq ¡ Nqr qr C N C NT

(1)

Presented as Paper 96-3912 at the AIAA Guidance, Navigation, and Con-
trol Conference, San Diego, CA, July 29–31, 1996; received Jan. 21, 1997;
revision received Oct. 31, 1997; accepted for publication Nov. 26, 1997.
Copyright c° 1997 by the American Institute of Aeronautics and Astronau-
tics, Inc. All rights reserved.

¤Senior Principal Technical Specialist, P.O. Box 516. Associate Fellow
AIAA.

†Senior Project Engineer, P.O. Box 516.

where G i models gravity; X; Y , and Z model the linear acceler-
ations produced by the aerodynamic forces; L ; M , and N model
the angular accelerations produced by the aerodynamic moments;
Tx ; Ty , and Tz model propulsionsystemforces;and LT ; MT , and NT

model the moments produced by the propulsion system. Note that
these variables have units of acceleration.The aerodynamic forces
Cx ; C y , and Cz are modeled as nondimensional quantities and are
scaled to units of force. This scaling is described by

X

Y

Z

D
Nq S

m

Cx

C y

Cz

(2)

where Nq (lb/ft2) is the dynamic pressure; S (ft2) is a reference area;
m is the mass in slugs; and Cx ; Cy , and Cz are nondimensional
aerodynamicforces. The aerodynamicmoments acting on the body
are similarly modeled as

L

M

N

D

NqSl

Ix x Izz ¡ I 2
x z

.Cl Izz C Cn Ixz/

Nq Sl

Iyy
Cm

Nq Sl

Ix x Izz ¡ I 2
x z

.Cn Ix x C Cl Ix z/

(3)

where Cl , Cm , and Cn model nondimensional moments and l is a
reference length. Note that the cross-axis inertia term Ix z couples
the roll-yaw moment equations.

The gravitational forces are modeled as

G x

G y

G z

D g

¡sin.µ /

cos.µ / sin.Á/

cos.µ/ cos.Á/

(4)

The pitch-plane angle-of-attack ® and yaw-plane sideslip angle
¯ are de� ned in Fig. 2, along with the total angle of attack ®T . The
stabilityaxiscoordinatesare a transformationof thebodyaxes using
®. The wind axis coordinatesare a transformationfromstabilityaxes
using ¯.

Aerodynamics
The missile’s aerodynamic forces (Cx , Cy , and Cz) and moments

(Cl , Cm , and Cn ) are typically modeled as functions of ®, ¯ , Mach,
body rates (p; q; and r ), P®; P̄, the aerodynamic control surface de-
� ections .±e; ±a , and ±r ), center-of-gravitychanges, and whether the
main propulsion system is on or off and is referred to as plume
effects. Also, the aerodynamic forces may depend upon whether
reaction jets are on or off and is referred to as jet interactioneffects.
These complicated and highly nonlinear functions are used in the
EOM to model the airframe’s aerodynamics.

Asymmetric vortex shedding is a nonlinear phenomenon that
must be addressed when considering high-AOA � ight. Figure 3 il-
lustrates the effect of asymmetric nose vortices at high AOAs with
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Fig. 1 Agile missile � ight envelope.

Fig. 2 Coordinate systems used in missile dynamics.

Fig. 3 Out-of-plane moment caused by asymmetric vortex shedding.

Fig. 4 Con� guration redesign reduces asymmetric vortex shedding.

zero sideslip. Note that, due to the asymmetric vortices, the out-of-
plane moment (yaw moment) is larger than the in-plane moment
(pitch moment).

These asymmetric vortices can cause the nose to slice right or
left and may require large control inputs to counter the effect. This
phenomenon is often referred to as phantom yaw and can be miti-
gated by the addition of small nose strakes and/or nose bluntness.
Figure 4 illustrates the possible reduction in out-of-plane moment
by modifying the missile’s con� guration.

Fig. 5 Missile pitch-plane stability characteristics with angle of attack.

Fig. 6 Interaction of jet plume with freestream aerodynamics.

In addition to the challenge of overcoming phantom yaw, the
missile’s static stability signi� cantly changes with AOA. Figure 5
illustrates the changing pitch plane stability with AOA. A positive
slope is unstable,and a negativeslope is stable.For the missile under
investigation,aerodynamic control authority ends at or near 30-deg
AOA, and some form of alternate control is needed to � y at high
AOAs.

When RCS thrusters are used for control, there is an interaction
of the jet plume with the freestream aerodynamic � ow. Figure 6
illustrates this jet interaction, which is very nonlinear with AOA.
Note the high-and low-pressureareas in frontand backof thenozzle.
This occurs when the jet plume is entrappedby the freestream� ow.
The entrappedhigh-pressureregion (times its areaandmoment arm)
produces a moment on the missile that is larger than the jet thrust
force times its moment arm (distance to the c.g.). By exploiting
this phenomenon, a smaller reaction jet can be used, thus reducing
propellant requirements. This ampli� cation, if not accounted for,
would be an increase in the loop gain in the � ight control system,
which can signi� cantly impact stability.

If the jet plume penetrates the freestream � ow, the high-pressure
� eld does not form, with the net thrust force produced by the jet
reduced by the low-pressure � eld. Thus a 200-lb thruster may only
produce80 lb of thrust.This attenuation,if not accountedfor, would
be a decrease in the loop gain in the � ight control system that can
also impact stability for an open-loop unstable missile.

A key parameter in modeling the jet interactionphenomena is the
jet penetration height. This parameter indicates if there is an am-
pli� cation or an attenuation of the jet thrust (force). Unfortunately,
this parameter varies signi� cantly with � ight condition and is dif-
� cult to predict. These nonlinear jet interaction effects also cause
the moments produced by the thruster not to be proportional to the
thruster force.

Propulsion System Forces and Moments
For TVC actuators,3 the autopilot is designed to command the

TVC actuator angle ±T (rad). For the RCS thrusters, the autopilot is
designed to command the thrust level TRCS (lb).

The TVC forcesand moments are modeledusinga constantthrust
that is de� ected by the actuator. It is assumed that the actuator can
de� ect the thrust vector only in the pitch (±Te ) and yaw (±Tr ) planes,
using two actuators devoted to this task. (No roll control from the
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TVC actuation system is assumed.) The resulting thrust [used in
Eq. (1)] along the body axes is

Tx

Ty

Tz

D
T

m

cos ±Te cos ±Tr

¡sin ±Tr

¡sin ±Te cos ±Tr

(5)

where T is the axial thrust of the main propulsion system. The roll,
pitch, and yaw moments (L T ; MT ; and NT ) produced by the TVC
will be the moment arm lT D xc:g: ¡ xTVC times the precedingpitch
and yaw forces, respectively, and are described as

LT

MT

NT

D

¡lT Ix z T sin ±Tr

Ix x Izz ¡ I 2
x z

lT T sin ±Te cos ±Tr

Iyy

¡lT Ix x T sin ±Tr

Ix x Izz ¡ I 2
x z

(6)

An RCS also produces propulsion forces and moments. The re-
action jets are assumed to be positioned such that no axial force
is generated. The RCS control system is designed to provide roll,
pitch, and yaw moment control. The forces produced by the pitch
and yaw jets are modeled as

0

Ty

Tz

D
1
m

0
NTy

NTz

(7)

where NTy and NTz are the RCS thrust forces in the y-body (yaw) and
z-body (pitch) directions,respectively.These moments producedby
the thrusters are modeled by the xRCS thruster forces multiplied by
the moment arm lT D xc:g: ¡ xRCS. It is assumed here that the pitch
and yaw jets are located at the same missile x station xRCS.

Roll jets may also be used to control missile roll. These jets are
symmetricallyplaced so that only a rolling moment is producedand
is modeled as

L T D
lRoll

NTRoll

Ix x

(8)

Adding this to the moments produced from the pitch and yaw jets
results in

LT

MT

NT

D

lRoll
NTRoll

Ix x
C

lT Ix z
NTy

Ix x Izz ¡ I 2
x z

¡
lT

NTz

Iyy

lT Ix x
NTy

Ix x Izz ¡ I 2
x z

(9)

Angle-of-Attack and Sideslip Dynamics
The following derivation will form a set of differential equa-

tions describing the dynamics for PV ; P®; and P̄ valid for large ® and
¯ < 90 deg. Consider the followingde� nition of the body velocities
from Fig. 2:

u D V cos.®/ cos.¯/; v D V sin.¯/

(10)
w D V sin.®/ cos.¯/

where V is the magnitude of the missile velocity vector. This can
be represented as a transformationof the wind-axis velocity vector
to the body axes as follows:

u

v

w
BODY

D S® S¯

V

0

0
WIND

(11)

where the transformations S® and S¯ are

S® D
c® 0 ¡s®

0 1 0

s® 0 c®

; S¯ D
c¯ ¡s¯ 0

s¯ c¯ 0

0 0 1

(12)

where c.¢/ and s.¢/ denote cos.¢/ and sin.¢/, respectively.Differen-
tiating Eq. (11) yields

Pu
Pv
Pw

D
c®c¯ ¡s®c¯ ¡c®s¯

s¯ 0 c¯

s®c¯ c®c¯ ¡s®s¯

PV
V P®
V P̄

(13)

Inverting the coef� cient matrix in the preceding equation yields

PV
V P®
V P̄

D
¡1
c¯

¡c®c2¯ ¡s¯c¯ ¡c2¯s®

s® 0 ¡c®

s¯c¯c® ¡c2¯ s®s¯c¯

W .®; ¯/

Pu
Pv
Pw

(14)

Substituting from Eq. (1) yields

PV
V P®
V P̄

D W .®; ¯/ ¡
p

q

r

£
u

v

w

C
X

Y

Z

C
G x

G y

G z

C
Tx

Ty

Tz

(15)

Expanding Eq. (15) results in

PV D c®c¯.X C G x C Tx / C s¯.Y C G y C Ty/

C s®c¯.Z C G z C Tz/

P® D .1=V c¯/[¡s®.G x C X C Tx / C c®.G z C Z C Tz/]
(16)

C q ¡ [pc® C rs®] tan.¯/

P̄ D .1=V /[¡c®s¯.G x C X C Tx / C c¯.G y C Y C Ty/

¡ s®s¯.G z C Z C Tz/] C ps® ¡ rc®

Acceleration Dynamics
This sectionderives rigid-bodydifferentialequationsfor the body

axis accelerations at the c.g. The body axis acceleration at the c.g.
is given by

Ax

Ay

Az

D
X C G x C Tx

Y C G y C Ty

Z C G z C Tz

(17)

Expanding these terms gives

Ax

A y

Az

D

NqS

m
Cx .®; ¯; ±e; ±a ; ±r /

Nq S

m
Cy .®; ¯; ±e; ±a ; ±r /

Nq S

m
Cz.®; ¯; ±e; ±a; ±r /

C
G x

G y

G z

C
Tx

Ty

Tz

(18)

where the functional dependence of the aerodynamics on ®; ¯ , and
the aerodynamiccontrolsurfaces±i is shownto highlightwhat terms
will be differentiated.The aerodynamiceffects due to the body rates
p; q, and r and the plunge effects from P® and P̄ are assumed zero.
If these effects are known, then they should be included. Differen-
tiating this expression yields
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PAx

PAy

PAz

D 2 NqS

mV

Cx

Cy

Cz

PV C
NqS

m

Cx®

C y®

Cz®

P® C
Nq S

m

Cx¯

C y¯

Cz¯

P̄

C
Nq S

m

Cx±e Cx±a Cx±r

C y±e C y±a Cy±r

Cz±e Cz±a Cz±r

P±e

P±a

P±r

C
PG x C PTx

PG y C PTy

PG z C PTz

(19)

where the subscripts denote partial derivatives. Grouping terms re-
sults in

PAx

PAy

PAz

D
NqS

mV

2Cx Cx®
Cx¯

2Cy C y®
C y¯

2Cz Cz®
Cz¯

PV
V P®
V P̄

C
Nq S

m

Cx±e Cx±a Cx±r

Cy±e Cy±a Cy±r

Cz±e Cz±a Cz±r

P±e

P±a

P±r

C
PG x C PTx

PG y C PTy

PG z C PTz

(20)

Substituting from Eq. (14) yields

PAx

PAy

PAz

D
PG x C PTx

PG y C PTy

PG z C PTz

C
X±e X±a X±r

Y±e Y±a Y±r

Z±e Z±a Z±r

P±e

P±a

P±r

C
1
V

2X X® X¯

2Y Y® Y¯

2Z Z® Z¯

c®c¯ s¯ s®c¯

¡s®=c¯ 0 c®=c¯

c®s¯ c¯ ¡s®s¯

Pu
Pv
Pw

(21)

Substituting for [ Pu Pv Pw]T yields

PAx

PAy

PAz

D
PG x C PTx

PG y C PTy

PG z C PTz

C
X±e X±a X ±r

Y±e Y±a Y±r

Z±e Z±a Z±r

P±e

P±a

P±r

C 1
V

2X X® X¯

2Y Y® Y¯

2Z Z® Z¯

W .®; ¯/

£
Ax

A y

Az

C V

s¯r ¡ s®c¯q

s®c¯p ¡ c®c¯r

c®c¯q ¡ s¯p

(22)

Note that the time rates of change of the accelerations are modeled
proportional to actuator rates. Thus, an actuator dynamics model is
required to model the accelerationsas states in a state space model.

Autopilot Design Models
Maximizing overall missile performance requires choosing the

appropriate autopilot command structure for each mission phase.
This may include designing a different autopilot for separationdur-
ing launch, an agile turn at high AOA, midcourse where a long
� yout is required, and endgame where terminal homing maneuvers
are necessary. The autopilot can command either body rates, wind
angles, attitudes, or accelerations.

During launch a body rate command system is typically used.
Rate command autopilots are very robust to the uncertain proxim-
ity aerodynamics. During an agile turn, directional control of the
missile’s velocity vector relative to the missile body is desired.This
equates to commanding AOA or sideslip and regulatingroll to zero.
During midcourse and in the terminal phase, an acceleration com-
mand autopilot is typically used. At the end of terminal homing,
during a guidance integrated fuse maneuver, the missile attitude
may be commanded to improve the lethality of the warhead.

Separation, midcourse, and endgame autopilots have been de-
signed and implemented in production missiles and are in general
well understood. Autopilot designs for high-AOA � ight are signif-
icantly less understood. Missile performance during the agile turn

can be maximized by maximizing the missile’s turn rate. High mis-
sile turn rates lead to faster target intercepts.The missile’s turn rate
(for a pitch-plane maneuver) is given by

P° D
Az cos.®/ ¡ Ax sin.®/

V
(23)

High turn rates can be achieved by commanding a constant high
AOA or by commanding large values of normal acceleration
[Az cos.®/ ¡ Ax sin.®/]. Simulation studies have shown that due
to the large changes in the missile’s velocity (V ) at high AOAs (due
to the high drag), commanding body accelerations during an agile
turn may not be desirable.

The nonlinear missile dynamics can be written as

Px D f .x; u/ (24)

To form a linear model, partial derivatives of fi are needed with
respect to each state variable and each control input. These partial
derivatives are evaluated at a speci� c � ight condition design point.
This would typically be at a trimmed equilibrium condition; how-
ever, at high AOAs the missile is generallynot in what is considered
an equilibrium condition.

Pitch Autopilot Design Model
The pitch-plane nonlinear AOA and pitch rate dynamics are de-

scribed in Eqs. (1) and (16). Zeroing roll-yaw dynamics and lin-
earizing about ®0 result in

P® D .Z®=V /® C q C .Z±=V /±e ¡ .s®0=V /Tx C .c®0=V /Tz

(25)
Pq D M®® C Mq q C M±±e C MT

where

Z® D
@ P®
@®

D
@ Z

@®
¡ G x ¡ Tx ¡ X c®

¡ @ X

@®
C G z C Tz C Z s®

® D ®0

Z ± D @ P®
@±e

D @ Z

@±e
c® ¡ @ X

@±e
s®

® D ®0

M® D @M

@®
® D ®0

; Mq D @ M

@q
® D ®0

; M± D @M

@±e ® D ®0

Because most TVC actuators are limited to small de� ection angles,
the sin.±Te / ¼ ±Te , and cos.±Te / ¼ 1, resulting in

Tx D T=m; Tz D ¡.T=m/±Te ; MT D ¡.lT T=Iyy /±Te (26)

To model RCS thruster forces (axial thrust T is due to main engine)
[see Eqs. (7) and (9)]

Tx D T=m; Tz D TRCS=m; MT D ¡.lT =Iyy/TRCS (27)

Neglecting the in� uence of gravity on the AOA dynamics (because
it is divided by V ) and the T sin.®0/ term (because it represents a
constant) and combining these into a linear matrix model result in

P®
Pq

D
Z®

V
1

M® Mq

®

q
C

Z±

V

M±

±e

C

c®0

mV
lT

Iyy

TRCS C

T s®0s±T0 ¡ c®0c±T0

mV
¡TlT

Iyy

±Te (28)

This state-space model can be used to design pitch autopilots at a
speci� c � ight condition (®0, Mach, altitude, c.g.). If Az rather than
® is preferred as a state variable, then replace the P® equation with
PAz from Eq. (22). This also requires removing ® from the pitch

rate dynamics and adding an actuator model to include the terms
proportional to the actuator de� ection rates.
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Roll-Yaw Autopilot Design Model
The lateral directional nonlinear dynamics are described in Eqs.

(1) and (16). Zeroing the pitch dynamics and linearizing about ®0

(with ¯ D 0) result in

P̄
Pp
Pr

D
Y¯ =V s®0 C .Yp=V / c®0 C .Yr =V /

L¯ L p L r

N¯ N p Nr

¯

p

r

C
Y±a=V Y±r =V

L ±a L ±r

N±a N±r

±a

±r
C

1=V 0 0

0 1 0

0 0 1

Ty

LT

NT

(29)

where theelementsof thematriceswereobtainedin a similarmanner
to Eq. (25).

For TVC (assuming a small TVC angle ±T r / results in

Ty D
¡T

m
±T r ; LT D

¡lT Ix zT

Ix x Izz ¡ I 2
x z

±T r

(30)

NT D
¡lT Ix x T

Ixx Izz ¡ I 2
x z

±T r

Modeling an RCS control system yields

Ty D
NTy

m
; LT D

lRoll
NTRoll

Ix x
C

lT Ix z
NTy

Ix x Izz ¡ I 2
x z

(31)

NT D
lT Ix x

NTy

Ixx Izz ¡ I 2
x z

Neglecting gravity results in the following linear autopilot design
model:

P̄
Pp
Pr

D

Y¯

V
s®0 C

Yp

V
c®0 C

Yr

V
L¯ L p L r

N¯ Np Nr

¯

p

r

C

¡T

m

¡lT Ix zT

Ix x Izz ¡ I 2
x z

¡lT Ix x T

Ix x Izz ¡ I 2
x z

±T r

C

Y±a

V

Y±r

V
L ±a L±r

N±a N±r

±a

±r
C

1
m

0

lT Ix z

Ix x Izz ¡ I 2
x z

lRoll

Ix x

lT Ix x

Ix x Izz ¡ I 2
x z

0

NTy

NTRoll

(32)

This state-space model can be used to design roll-yaw autopilots
at a speci� c � ight condition (®0, Mach, altitude, c.g.). Note that ¯
was assumed to be zero for a bank-to-turn missile. This modeling
assumption is used because at high AOAs ¯ must be kept very small
to keep from saturating the roll channel controls.

Sensor Measurements
Most tactical missiles use strapdown inertial measurement units

(IMU) for navigation, which have three accelerometers and three
gyros. The accelerometers and gyros are arranged into a triad to
measure accelerationsalong and rotational rates about the x , y, and
z body axes, respectively.Because of packagingconsiderations,the
IMU is usually not located at the missile’s c.g.

The location of the accelerometers relative to the c.g. greatly af-
fects the measured accelerations and must be accounted for in the
design of the � ight control system. Ideally, if the accelerometers
are located at the c.g., then they measure just the translational ac-
celerations. If the accelerometers are located off the c.g., then they
measure a combinationof translationalaccelerationsand rotational
accelerations.This can be expressed as

aIMU D ac:g: C P! £ rIMU C ! £ ! £ rIMU (33)

where rIMU is a vector from the c.g. to the IMU and ! D [p q r]T .
Note that the sensed accelerations are a nonlinear function of the
body rates.

Linear sensor models are required for linear autopilot design. On
symmetric airframes the y and z axis c.g. offsets are usually small
and can be neglected. The z-axis accelerometer is compensated for
the x-axis c.g. offset as follows:

AzIMU D Azc:g: C .xc:g: ¡ xIMU/ Pq (34)

This effect can have a dramatic impact on the � ight control sys-
tem design. Equation (34) shows that the rotational dynamics are
blended with the translational dynamics. This changes the zeros of
the transfer function from the control input to the sensor output.

Consider the transfer function from elevator ±e to acceleration
Azc:g: [from Ref. 4, Eq. (4)] given by

Azc:g:

±e
D

!2
a Z±es2 C Z® M±e ¡ Z±e M®

s2 ¡ .Z®=V /s ¡ M® s2 C 2³a!as C !2
a

(35)

For tail-controlled missiles this transfer function is nonminimum
phase[has a righthalf-plane(RHP) zero].As theelevator±e de� ects,
the � n force (Z ±e±e ) accelerates the missile in the wrong direction.
However, this � n force creates a pitching moment that rotates the
missile. As the missile rotates, the body force builds (Z®®), acceler-
ating the missile in the correct (commanded) direction.Aerodynam-
icallyunstable(M® > 0) tail-controlledmissilesposea considerable
control challenge in that they have both RHP poles and zeros.

The transfer function from ±e to AzIMU does not have the same
zeros as using Azc:g:. Figure 7 illustrates the location of the accel-
eration zeros as the sensor is moved along the body of the missile.
When the IMU is aft of the c.g., the two zeros are real with one
in the RHP. As the IMU moves forward of the c.g. to the center of
percussion,5 the zeros bifurcate and become complex, moving in
along the j! axis.

The autopilot designer can shape the zeros in the acceleration
transfer function by placing the sensor at a different location. De-
pending upon how the feedback gains are designed, this can be
exploited to improve stability and transient performance. See Hsu
and Robel,6 and the references therein, for more discussionon zeros
and their impact on the � ight control system.

Fin Actuator Model
There are four tail � ns each driven by an electromechanical(EM)

actuator. The � n actuator dynamics can be modeled with a second-
order transferfunction.The signi� cantnonlinearitiestypicallymod-
eled includepositionand rate limits as well as mechanicalbacklash.

The � n mixing logic that relates ±e; ±a , and ±r commands to in-
dividual � n de� ections is con� guration speci� c and depends upon
whether the missile is � own with an “£” or “C” tail. Here (for an
£ tail) the equations for the � n mixing logic are

±1

±2

±3

±4

D

1 ¡1 ¡1

1 ¡1 1

1 1 ¡1

1 1 1

±e

±a

±r

(36)

where ±e; ±a , and ±r are the autopilot pitch, roll, and yaw � n com-
mands, respectively, distributed to the four � ns, and the ±i ; i D
1; : : : ; 4, are the actual � n de� ections. Note that it is the ±i that
exhibit the nonlinearities(� n and rate limits and backlash).

RCS Thruster Actuator Model
RCS actuatorscan be builtwith EM valves,hot gas poppetvalves,

hydraulicvalves, and solenoidvalves. They can be stand-alonesys-
tems (requiring their own propellant) or can be integrated with the
main engine (bleed off the main engine chamber pressure). They
can also be on–off or continuous (throttling).

Both the continuous and on–off RCS actuators can be modeled
with a � rst-order transfer function. The 63% rise time of the thrust
is used to specify the time constant in the transfer function. The
RCS thrust is magnitude and rate limited. In addition, some on–off
designs cannot change states (on or off) until they are fully opened
or closed.
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Fig. 7 Acceleration zeros root locus vs sensor location.

Fig. 8 TVC normal thrust from a rate and position limited actuator response to a 10-deg square wave input.

TVC Actuator Model
TVC actuators operate in a similar manner to the � n actuators

and are usually modeled with second-order transfer functions. The
nonlinearities typically modeled include position and rate limits as
well as mechanical backlash.

Figure8 shows a plot of the normal thrust producedby a nonlinear
TVC actuator response (no backlash modeled) to a 10-deg square
wave input. This response illustrates the effects of both the position
and rate limiting. For a 5000-lbfmain engine motor and a de� ection
limit of 10 deg, the maximum normal force is 868.24 lbf.

Using the response shown in the Figure 8, the maximum thrust
rate for the TVC actuator can be computed as a function of the TVC
nozzle rate limit. A fast thrust rate is required to maintain stability
and to capture the high-AOA command during the agile turn.

Figure 9 shows a comparison of the TVC thrust rate capability
with that of a 500-lbfRCS jet, in which the RCS jet is parameterized
by the time it takes the jet to reach full thrust.

For a 200-deg/s TVC actuator rate limit the thrust rate is slightly
less than 20,000 lbf/s. This equates to a 500-lbfRCS jet that reaches
its full thrust in 34.7 ms. At a 400deg/s TVC rate limit, theequivalent



WISE AND BROY 447

Fig. 9 TVC and thruster thrust rate capabilities.

RCS jet time to full thrust is 17.4 ms. This � gure indicates that the
TVC actuator system is somewhat slower than the RCS system
in developing normal thrust. High TVC rates will be required for
the TVC actuator to slew the thrust vector to its maximum position.
These high TVC rateswill in turn drive theTVC power consumption
and batterysizing requirementsupward, thus increasingthe costand
weight of the missile.

Flexible-Body Dynamics
In deriving the autopilot design models it was assumed that the

missile was a rigid body. In fact, it is a � exible body, and these
dynamics have a signi� cant impact on the sensed accelerations and
body rates. The discussion here is limited to the airframe’s pitch
plane. Also discussed is the tail-wags-the-dogeffect due to � n mass
unbalance and inertia and TVC nozzle inertia. Reference 2 contains
details on modeling these dynamics.

Consider the following � exible model:

P®
Pq

Pb1

Rb1

D

Z®=V 1 Zb1 Z Pb1

M® Mq Mb1 MPb1

0 0 0 1

b®1 bq1 bb1 bPb1

®

q

b1

Pb1

C

Z ±=V Z R±=V

M± M R±

0 0

b±1 b R±1

±e

R±e

(37)

This linear analysis model describes the pitch-plane rigid-body dy-
namics (®; q) combined with the � rst bending mode (b1), including
the tail-wags-the-dogeffects proportional to R±e .

The pitch rate gyro and z-axis accelerometermeasurements are

qFLEX D qIMU C F 0
A1

Pb1; AzFLEX D AzIMU C FA1
Rb1=g (38)

Partitioning the A matrix in Eq. (37) into 2 £ 2 blocks, the (1, 1)
block is the same as in Eq. (28) and describesthe rigid-bodydynam-
ics.The (1, 2) blockdescribesthe changesin the aerodynamicforces
andmoments due to the body � exure.The (2, 1) blockdescribeshow
the rigid-bodystates(®; q ) excite thebendingmode.The (2, 2) block
describes the � rst bending mode’s second-orderdynamics.

In addition to the rigid-body states (®; q ), the � n de� ection ±e

also excites the bending dynamics. Assuming the � n c.g. is located
off the � n’s rotational axis, when the � n rotates, a bending torque
is applied to the missile body that is proportional to both the � n’s
inertia and any mass unbalance. This effect is called the tail-wags-
the-dog effect and can be signi� cant. When TVC is used, this effect
is large because the nozzle is heavy and its c.g. is not located about
its rotational axis.

The IMU sensor measurements are corrupted by the � exible dy-
namics.Filters are designed to remove these signals from the sensed
rates and accelerations. Unfortunately, these � lters add gain atten-
uation and phase lag at the loop gain crossover frequency, thus
impacting stability margins.

Control Power Analysis
The autopilot design models can be used to assess the control

effector’s capability to control the missile’s dynamics as the � ight
envelope changes.This section presents a static control power anal-
ysis of the missile’s pitch dynamics, examining for what part of the
� ight envelope the aero, RCS, and TVC control effectors are the
most useful.

Aero controleffectorsdependupon dynamic pressure to generate
control power. At low velocities aero control effectors have low
controlpower. The aero controleffectorsalso dependupon the AOA
and lose effectiveness at high AOAs.

Assuming that jet interactioneffects are neglected,RCS thrusters
providea � xed level of thrust normal to the x-bodyaxis independent
of � ight condition. The same level of control power is obtained at
low and high velocities.

Thrustvectorcontrolexhibitscharacteristicsindependentof � ight
condition the same as RCS control. TVC actuators have a limited
de� ection that then limits the normal thrust. Control power data for
the TVC designs are not presented, but the same trends apply to
both the TVC and RCS control effectors.

A state space model for the missile’s dynamics can be written as
Px D Ax C Bu, where the aero and RCS control inputs enter into the
dynamics through the B matrix. The B matrix can be partitionedas
B D [B± BRCS]. The control effectiveness, or control power, can
be analyzed by computing the size of the B matrix as a function of
AOA, c.g. location, altitude, and Mach number. The singularvalues
of the B matrix are computed,7 and the maximum singular value is
examined as the � ight envelope parameters vary.

To minimize the amount of propellant used to perform maneu-
vers, it is important to know at what velocities and AOAs the aero
controls are effective. Similarly, for RCS and TVC controls, it is
important to know at what � ight conditions the main engine must
be providing thrust.

Study results show that the tail � ns are very effective near zero
AOA but lose their pitch moment capability as the AOA increases
or as the velocity decreases, decreasing the dynamic pressure. As-
suming that jet interactioneffects are neglected, the RCS jet’s pitch
moment capability is constant with AOA and Mach number. At low
Mach numbers the RCS control is more effective than aero control.
At high Mach numbers, the aero controls are much more effective
than the RCS jets. As altitudeincreases,the aero becomes less effec-
tive and requiresan increasein velocityto maintain its effectiveness.
This is due to the decreasein dynamic pressureas altitudeincreases.

Figure10 summarizesdatacomparingmissile � n andRCS control
effectiveness for an empty weight con� guration. The RCS control

Fig. 10 Comparison of aerodynamic and RCS control power.
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hasa � xed magnitudevs Mach number.The threecurvesthat change
magnitude with Mach number represent the amount of aero control
power for 0-, 10,000-, and 35,000-ft altitudes. For small AOAs and
above Mach 0.8, the � ns are as effective as the RCS controls (data
are for 0-deg AOA). As expected, at the higher Mach numbers, the
aero control is signi� cantly more effective than the RCS control.

Guidance and Control
Nonlinearguidanceand control are used to intercepttargets.Dur-

ing agile maneuvers, guidance commands are computed to ma-
neuver the missile until the target is in the seeker’s � eld of view
and locked on. After lock on, the guidance uses augmented propor-
tional navigation to steer the missile through terminal homing and
intercept.

Autopilots were designed using linear quadratic regulator tech-
niquesfromRef. 8 to producea gainscheduledautopilot.The autopi-
lot used integral error control to track guidancecommands. Simula-
tion resultsare presentedfor a missile usingRCS thrustersand small
aerodynamic � ns. This missile con� guration included small nose
strakes to mitigate phantom yaw effects, as shown in Figs. 3 and 4.

Fig. 11 Agile missile six-degree-of-freedom simulation time histories.

During the agile turn,missile roll attitudeand AOA are controlled
by the autopilot, with sideslip angle regulated to zero. During this
phase the missile � ies in a preferred orientation mode similar to
bank-to-turn control. After the agile turn, the autopilot is recon�g-
ured to control body accelerations in a standard skid-to-turn mode.
Bank-to-turn control at high AOA is used to prevent asymmetries
from saturating the roll control channel. Also, the aerodynamic � ns
are commanded to a � xed position at zero. This is done to reduce
the roll control requirements and because of unpredictable sign re-
versals in the aerodynamic � n control derivatives.

Figure 11 displays six-degree-of-freedom simulation time histo-
ries of an agile missile intercepting a target in the rear hemisphere.
A merge scenario was simulated with both aircraft at Mach 0.8 and
the target initiallydisplacedby 1500 ft in crosstrackand downtrack.
This mergescenariorepresentsonlyoneofmany scenariosthat must
be used to evaluate the missile’s performance.A 90-deg AOA com-
mand was used to turn the missile into the rear hemisphere,and then
after seeker acquisitionof the target, proportionalnavigationis used
to intercept the target. Asymmetric vortex shedding was simulated
during the � yout.
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The Mach number time history shown in Fig. 11 demonstrates
how quickly the missile loses velocity while at high AOA. Follow-
ing launch, aerodynamic controls are used to provide a safe sepa-
ration from the aircraft and roll the missile to a preferred maneuver
plane. Then RCS thrusters are used to perform the high-AOA ma-
neuver with the � ns commanded to zero. After the turn, the missile
switches back to aerodynamic control. This switch is based upon
missile speed knowing when the � ns are aerodynamicallyeffective.
During the remainder of the simulation the missile � ies using only
� n control.

The simulation models an RCS system that is integrated with
the main propulsion system, in that the thrusters bleed off the main
enginepressurechamber.RCS control is used only until the velocity
increasesto where the � ns are effective.This strategyminimizes the
amount of propellant used for � ight control, thus maximizing the
penetration into the rear hemisphere.

Conclusions
Several key technologicalchallenges for agile missile � ight were

discussed. These challenges include asymmetric vortex shedding,
missile stability variations, roll control at high angles of attack,
jet interaction effects, and nonlinear guidance and control. During
high-angle-of-attack � ight, themissile � ies in a preferredorientation
to prevent roll saturation and to mitigate aerodynamicuncertainties

caused by phantomyaw and � n sign reversals.Nonlinearsimulation
resultswith asymmetricvortexsheddingshowa low thrusteractivity
used to maintain stability and track guidance commands.
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